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(A tribute to Professor M.A. Pourabdollah on the occasion of his 65th birthday) 

Abstract. For a Banach algebra A with a bounded approximate identity, we investigate the A-module 
homomorphisms of certain introverted subspaccs of A*, and show that all A-module homomorphisms of 
A* are normal if and only if A is an ideal of A** . We obtain some characterizations of compactness and 
discreteness for a locally compact quantum group G. Furthermore, in the co-amenable case we prove that 
the multiplier algebra of L^(G) can be identified with M{G). As a consequence, we prove that G is compact 
if and only if LUC(G) = WAP(G) and M(G) = .E(LUC(G)*); which partially answer a problem raised by 
Volker Runde. 

1. Introduction 

In the realm of Hopf-von Neumann algebras, the concept of locally compact quantum group was first 
introduced by Kustermans and Vaes in [10] and [llj . They used a set of comprehensive axioms in their 
definition which cover the notion of Kac algebras, [B], and thus all locally compact groups. Some of the 
most famous locally compact quantum groups — which have been extensively studied in abstract harmonic 
analysis — are L°°(G') and VN(G) which, in some sense, are the dual of each others. In spite of these two 
algebras have different features in abstract harmonic analysis but they have mostly a unified framework from 
the locally compact quantum group point of view. 

In [17| and [18| Runde reformulated some existing results in abstract harmonic analysis — related to the 
group algebra (G) and the Fourier algebra A(G) — in the language of locally compact quantum groups. For 
instance, he showed that for a locally compact quantum group G, the algebra L^(G) is an ideal in L^(G)** 
if and only if G is compact, [T71 Theorem 3.8]. The main theme of the present paper is to unify some 
other existing results in abstract harmonic analysis — related to the module homomorphisms, multipliers and 
topological centre — in the language of locally compact quantum groups. 

The paper is organized as follows. Section [2] deals with the module homomorphisms. For a left introverted 
subspace X of A*, in which, A is a Banach algebra enjoying an approximate identity bounded by one, it is 
proved that \i X (- A* ■ A, then the algebra of all right A-module homomorphisms can be identified with 
X*] from which we characterize the normal (i.e. w*-w*-continuous) A-module homomorphisms of A* . In 
particular, we show that a co-amenable locally compact quantum group G is compact if and only if all 
L^(G)-module homomorphisms of L°°(G) are normal; and that G (not necessarily co-amenable) is discrete 
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if and only if all Co(G)-module homomorphisms of M(G) are normal. The results of this section cover many 
results of |I2] and [T^. 

In Sections [3] wc show that for a co-amcnablc locally compact quantum group G, the left (and also right) 
multiplier algebras of L^(G) can be identified with M(G). This extends both classical results of [4l[T9| about 
the multiplier algebras of L^(G') and A(G). Some interrelations between the multipliers and the operators 
which commute with translations are also investigated. As a consequence some results of [2] are extended. 

Finally in section 31 we show that if G is a co-amenable locally compact quantum group, then there exists 
an isometric homomorphism 9 from M(G) into LUC(G)* such that B is onto if and only if G is compact. 
We use this to partially answer a problem raised by Runde, [18j : if G is co-amenable then G is compact if 
and only if LUC(G) = WAP(G) and e(M(G)) = Z(LUC(G)*). We show that some of the main resuhs of 
[2] and [TS] are unified by the results of this section. 

2. Left introverted subspaces and module homomorphisms 

Let A be a Banach algebra. For oj ^ A and a; S A*, we define the elements x ■ lo and w • a; of A* by the 
formula 

X ■ Lo{v) ~ x{lov) and lj ■ x{v) = x{h'uj) (v G A). 

These are the natural module actions of A on A* which turns A* into a Banach A-module. A closed subspace 
X of A* is called left invariant it X ■ A C X, where X ■ A ~ {x ■ cu : x ^ X,u! £ A}. A left invariant subspace 
X is called left introverted if X* X C X; in which, the elements mQ x oi A* are defined so that 

m x{uj) — m{x ■ uj) S A, m G X* ^ x G X). 

A right introverted subspace of A* can be defined similarly. Let X be a left introverted subspace of A* , then 
the following Arens (type) product on X* 

(m n){x) — •m{n x) (to, n G X* ^ x G X), 

turns it into a Banach algebra. We define the topological centre Z{X*) oi X* by 

Z{X*) := { n G X* : m n Q m is normal on X* }. 

clearly the product Q on X = A* gives the so-called first Arens product on A** . 

We use {A* ■ A) and {A ■ A*) to denote the closed linear spans oi A* ■ A and A ■ A*, respectively. It can 
be readily verified that {A* ■ A) and {A ■ A*) are left and right introverted in A* , respectively. In the case 
where A has a bounded approximate identity (=BAI), Cohen Factorization Theorem, ^ Corollary 2.9.26], 
implies that {A* - A) = A* ■ A and {A ■ A*) ^ A ■ A* . It is known that the weakly almost periodic elements 
WAP (A) of A* , is also an introverted subspace of A*. 

Let G = (2Jl, r, ip, tp) be a von Neumann algebraic locally compact quantum group as described in [TUIITT] . 
By definition, the pair (3Jl, F) is a Hopf-von Neumann algebra and (p, are left and right invariant normal 
semifinitc faithful weights on respectively. Since F : SDt ^ 9J10971 is a normal, unital *-homomorphism 
satisfying (t F)F = (F t)F, it is well known that its pre-adjoint induces an associative multiplication * 
on 97l». Here denotes the von Neumann algebra tensor product. It is worthwhile mentioning that in the 
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two classical case Ga = (L°°{G), Fa, (pa^il-'a) and Gs = (VN(G), F^, fs, ips), [6], the product * imposed on the 
preduals is just the usual convolution on L^(G) and the pointwise multiplication on A{G), respectively. 

Analogue to the locally compact group case, for a locally compact quantum group G wc write L°°(G) for 
m, Li(G) for an,, LUC((G) for (L°°(G)-Li((G)), RUC(G) for {L^{<G)-L°°{G)) and WAP (G) for WAP(Li(G)). 
Note that, in this case the L^(G)-module actions of L°°(G) can be presented by 

Lo ■ X ^ {L(g)Uj){Tx) and x ■ = (cj ® i) (Fx) (cj e L^(G), .x e L°°(G)). 

Let G be a locally compact quantum group and (Co(G), Fc, ipc, ipc) be the reduced C*-algebraic quantum 
group of G as p3I Proposition 1.7]. We also write M(G) for the dual Co(G)* of Co(G). Then M(G) is a 
Banach algebra under the product * given by (m * n){x) ~ [ra® nyrdx) (m, n G M(G), x G Co(G)). 

Examining these algebras for the classical cases Go and G,, yield some well-known algebras on the group 
G. More precisely, L°°(Ga), Li(Ga), LUC(Ga), RUC(Ga), WAP(Ga), Co(Ga) and M(Ga) coincide with 
L°°(G), Li(G), LUC(G), RUC(G), WAP(G), Co(G) and M(G), respectively, as explicitly introduced in [7]. 
While L°°(Gs), Li(Gs), LUC(G,) = RUC(G,), WAP(G,), Co(G,) and M(Gs) coincide with VN(G), A(G), 
UCBiG), W{G), C*{G) and Bp(G), respectively, as described in [3 [13]. 

For a locally compact group G, it is obvious that the Arens product on Co(G)* and the usual convolution 
product on M(G) coincide. Also as it is shown that in [T31 Proposition 5.3], the Arens product on C*(G)* = 
Bp(G) is precisely the pointwise product on it . Following we show that the same is also true for a general 
locally compact quantum group G. 

Proposition 2.1. For every locally compact quantum group G, the products and * on M(G) coincide. 

Proof. For every m,n ^ M(G) and x G Co(G) we have (m * n){x) ~ m{{L ® n)Tc{x)) = n{{m ® t)rc(a;)). 
Since (t ® n)Tc{x) and (to ® i)Tc{x) lie in Co(G), [lOl Section 4], the product * on M(G) is w*-separate 
continuous. A direct verification shows that Co(G) is an invariant subspace of L°°(G) and so the inclusion 
Co(G) C WAP(G), [m Theorem 4.3], implies that Co(G) is also an introverted subspace of L°°(G). The 
product on Co(G)* = M(G) is w*-separately continuous. Since * = on L^(G) and L^(G) is w*-dense in 
M(G) we conclude that * = on the whole of M(G). □ 

Let X be an invariant subspace of A* , then clearly X is a Banach A-module. We denote by Hr{X) and 
Hi{X) the space of all left and right A-module liomomorphisms of X; that is 

HriX) = { T e B{X) : T{x ■ uj) = T{x) ■ uj for aU x eX,Lj e A}, and 
HiiX) = {T e B{X) : T{uj ■ x) ^ uj ■ T{x) for aU .t G X, w G A}. 

Here B{X) denote the Banach space of all bounded operators on X. By H^{X) and TL1{X) we mean all 
normal elements of TLr{X) and Ti.e{X), respectively. 

We now give a characterization of Hr{X) and Tli{X) in terms of the dual of certain subspaces oi A* ■ A 
and A ■ A* , respectively. 
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Proposition 2.2. Let A be a Banach algebra with an approximate identity bounded by one, then 

(i) If X is a left introverted subspace of A* then (X ■ A)* = 'Hr{X). More precisely, the mapping 
m ^ Lm ■ {X ■ A)* Hr{X) is an isometric (algebraic) isomorphism, where (Lm(a;))(a;) = m(a;-a;) 
for X e X,uj e A. 

(ii) If X is a right introverted subspace of A* then {A ■ X)* = Ti.£{X). 

Proof, (i) A direct verification siiows that X ■ A is a left introverted subspace of A*, Lm G 7ir{X) and 
the mapping m ^ L,„ is a contractive homoniorphism. Let {oja} be a BAI in A with \\uJa\\ < 1, then 
||z • — ^11 ^ 0, for each z G {X ■ A), and so 

||-^m(2)|| > \Lm[z){uJa)\ = \m{z ■ U!a)\ \m{z)\, 

from which we get ||L,„|| > ||m||. Let T e Hr{X), then T{X ■ A) C {X ■ A). Embed A into (X ■ A)* in the 
natural way and let to be a w*-cluster point of the net {T*{ijOa)} in {X ■ A)* . Then for every x E X and 
to ^ A we have 

T{x){uj) = limr(a;)(ti; * tUa) = lim(T(a;) • uj){LOa) = limr(a; • = m{x ■ lo) ~ L„i{x)ii^)] 

a a a 

implying that, m ^ L„j is surjective. A similar argument may apply to prove (ii). □ 

As a consequence of Proposition 12 . 21 we have the next result, part (iii) of which has already proved in [16[ 
Proposition 4.1]. 

Corollary 2.3. Let A be Banach algebra with an approximate identity bounded by one, then 

(i) If X is a left introverted subspace of A* ■ A then Tir{X) = X* ; 

(ii) If X is a right introverted subspace of A ■ A* then Ti.e{X) = X*; 

(iii) HriA*) ^ {A* ■ A)* ^ Hr{A* ■ A) and nt{A*) ^ {A ■ A*)* ^ HiiA ■ A*). 

Proof, (i) It suffices to show that X ■ A = X. It follows from X C A* ■ A, that \\x ■ uja - x\\ 0, foe aU 
X € X, where {wq} is a BAI of A. This and the fact that X ■ A is closed imply that X ■ A ~ X . Part (ii) can 
be proved in a similar fashion. For (iii) it is enough to apply parts (i) and (ii), and also apply Proposition 
OforX^A*. □ 

A locally compact quantum group G is called co-amenable if L^(G) has a BAI, [Tj. In [8l Theorem 2], 
it is shown that G is co-amenable if and only if L^(G) has a BAI consisting of normal states of L°°(G). 
Therefore, in the two classical cases and G^; G^ is always co-amenable and Gg is co-amenable if and only 
if the group G is amenable. 

In the next result which simultaneously extend [12j Theorem 3] and [13l Corollaries 6.4, 6.5], we examine 
the conclusion of Corollary [2T3] for the case that A = L^(G) and X = Co(G). 

Theorem 2.4. If G is a co-amenable locally compact quantum group, then 

(i) H.(Co(G)) ^ M(G) - H,(Co(G)); 

(ii) •W^(L°°(G)) ^ LUC(G)* ^ H,.(LUC(G)) and H£(L°°(G)) =^ RUC(G)* ^ He{RVC{G)). 
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The next result investigate the normal elements of Hr{X). Note that, for every left (or right) introverted 
subspace X of A* one may embed A into X* in a natural way. 

Proposition 2.5. Let A be a Banach algebra with a BAI, and let X be a left introverted subspace of A* . 
Consider the following statement: 

(i) AgX* C A; 

(ii) nrix) = n'^.ix); 

(iii) Every element of AQ X* is normal on X. 

Then (i)^ (ii)^ (iii) and these are equivalent if A* ■ AC X. 

Proof (i)^(ii): Let T G HriX). As A^ = A, it is enough to show that T*{A'^) C A. To see this, let Lu,iy e A 
and X X, then 

T*{ujiy){x) = {T{x) ■ uj){j^) = T{x ■ uj){i^) = T*{iy)){x), 
where, T*{uji^) ^ uj QT*{iy) e Aq X* C A, a.s required. 

(ii)=>(iii): Take m S X*,uj G A and let tt : X* {X ■ A)* be the adjoint of the natural embedding 
{X ■ A) ^ X. Then by Proposition [221 i7r(m) G T^r{X) and so it is normal. Let {xa} C X w*-converges to 
X E X, then 

{lu m){xa) = m{xa ■ uj) = L^(m)(a;a)(a;) L^(m)(a;)(a;) = (w m){x). 
Hence w m is normal on X . 

Now we prove (iii)=>(i) under the additional assumption A* ■ A C X. Let ?n G X*, ll},v £ A and let m G A** 
be an extension of m. Then for every net {xq} ^ A* which w*-converges to x G A*, we have 

{ujv fri){xa) = {v Q rh){xa ■ lu) = Q m){xa • w) ^ {i^ Q m){x ■ uj) = {ojv m)(x). 

Hence u)v m G A. This together with the fact that A^ ^ A imply that a; m G ^. □ 

For a locally compact quantum group G, it is known that L^((G) is an ideal of M(G); see [TOj pp. 193-194]. 
In particular, Li(G) 0Co(G)* = Li(G) *M(G) C L'^{G) by Proposition!^ Using Proposition [13] we obtain 
7Yr(Co(G)) = 7Y$r(Co((G)). Combine this fact with the part (i) of Theorem 12.41 we get the next corollary. 

Corollary 2.6. IfG is a co-amenable locally compact quantum group, then 

K(Co(G)) = H.(Co(G)) - M(G) - H,(Co(G)) = H,"(Co(G)). 

Using Proposition 12 . 51 for X = A* we get the next result. 

Corollary 2.7. Let A be a Banach algebra with a BAI, then 

(i) HriA*) = n'^{A*) if and only if A is a right ideal of A** ; 

(ii) rLt{A*) = HI {A*) if and only if A is a left ideal of A** . 
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Recall that a locally compact quantum group G is said to be compact if its Haar weights are finite, or 
equivalently, Co(G) is unital. G is said to be discrete if its dual quantum group G is compact, or equivalently, 
L^(G) is unital; for more details see [17| . For a locally compact quantum group G, it was shown in [171 
Theorem 3.8] that L^(G) is an ideal of L^(G)** if and only G is compact. Utilizing this fact and Corollarv l2.7l 
for A = L^(G), we obtain the next result, which is an extension of [12l Theorem 2]. It seems that the next 
result for the classical case Gs has already been known in the context of Fourier algebras; however we don't 
know a reference for it. 

Theorem 2.8. For every co-amenable locally compact quantum group G, the following assertions are equiv- 
alent: 

(i) H.(L°°(G)) =?^-(L-(G)); 

(ii) HKL-(G)) =H,-(L-(G)); 

(iii) G is compact. 

Proof. Based on what we have mentioned just before Theorem l2.8[ it is enough to show that L^(G) is a left 
ideal in L^(G)** if and only if it is a right ideal in L^(G)**. To show this, let k be the unitary antipode of 
G and let L^(G) be a right ideal in L^(G)**. Then for each x G L°°(G), and each uj e L^(G) we have 

k{x) ■ K*{uj) = (ti> o K (g) l)T{k{x)) = (t (g) (jj o ® k)T{x) = k{{l (x) uj)r{x)) 

and so m • w = k*{k*{uj) ■ K*{m)) e h\G) for all m £ Li(G)**. Thus, L^{G) is a left ideal of L\G)**, as 
claimed. □ 

A result of Runde [T71 Theorem 4.4] states that Co(G) is an ideal of Co(G)** if and only if G is discrete. 
We use this fact in the next result. 

Theorem 2.9. For every locally compact quantum group G, the following assertions are equivalent: 

(i) H,.(M(G)) =H^(M(G)); 

(ii) H,(M(G)) =H,"(M(G)); 

(iii) G is discrete. 

Proof. Let Kc be the unitary antipode of the reduced C*-algebraic quantum group (Co(G), Fc, </3c, V'c) and 
let Co(G) be a right ideal in Co(G)**. Then for every x G Co(G) and m G M(G) we have 

K*{x ■ m){y) = [x ■ m){Kc{y)) = m{Kc{y)x) = K*{m){Kc(x)y) = {K*{m) ■ Kc{x)){y). 

Thus f ■ X = Kc{kc{x) ■ n*c*{f)) G CIo(G), for every / G Co(G)**. In other words, Co(G) is a left ideal of 
Co(G)**. Now apply Corollary [2J] for A = Co(G). □ 

3. The Multiplier algebra of L^(G) 

For a Banach algebra A, let 71M.{A) and CAA{A) be the right and left multiplier algebra of A, respectively; 
that is 

CM{A) = {T e B{A) : T(ab) = T{a)h forall a, 6 G ^ }, and 
nM{A) = { T G B{A) : T{ab) = aT{b) forall a,beA}. 
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A famous result of Wendel, [T9j, states that for every locally compact group G, the left (and right) 
multiplier algebras of L^{G) can be identified with M{G); that is, CMiL^G)) = M(G) = TZMiL^iG)). For 
the Fourier algebra A{G), it has been shown (see [3], for instance) that, in the case where G is amenable, 
then C/A{A{G)) = TZAi{A{G)) = B(G). Here we extend both of these by a general result related to locally 
compact quantum groups. 

Theorem 3.1. For every co-amenable locally compact quantum group <G, 

CM{L\<G)) ^ M(G) ^ TZM{L^{G)). 

More precisely, the mapping m t-> Rm '■ M(G) — > TiM.(L^{G)) is an isometric isomorphism, where Rm{oj) — 
LO * m for Lu {G) . 

Proof. A direct verification shows that, for every m,n £ M((G) 

i?™ e TZM(L\G)) , < ||m|| and i?™™ = R^R„. 

Suppose that T G TZA4(L^{Gr)). It is enough to show that there exists an element m G M(G) satisfying 
^ \\T\\ and T ~ R„i. Let {uja} be an approximate identity bounded by one for L^(G). Then {T(wq,)} 
is a net in L^((G) C M((G) bounded by ||r||. By passing to a subnet, if necessary, we may assume that 
Tiuja) w*-converges to some m G M(G) with ||m|| < ||r||. By Proposition 12.11 the product * on M(G) is 
w*-separately continuous. So for lo G L^(G) and x G Co(G) we have 

T{u)){x) ~ \\mT(uj * u)a){x) ~ lim {uj * T(uia)){x) ~ {uj * m){x) = Rrn{i^)ix). 

a a 

Since Co(G) is w*-dense in L°°(G), we have T = i?,„ with ||77i|j < □ 

Let (9Jl, r) be a Hopf-von Neumann algebra and (f> G B{dJl). We say that (f) commutes with left (resp. 
right) translations if T(f> = (l (g) (f))T (resp. Fc/) = (0 t)F). We denote by B'j'{m) (resp. B^(m)) the space 
of all bounded normal linear mappings on commuting with the left (resp. right) translations. For the 
classical case (L°°(G),Fo) one may easily verify that a bounded normal linear mapping cf) on L°°(G) lies in 

(L°°(G)) (resp. S?(L°°(G))) if and only if (j}{lj) = /«(/>(/) (resp. cjiirj) = r,<?!)(/)) for each s G G and 
/ G L°°(G), where lj{t) = f{st) = rj(s). 

It is well-known that nM{A) = Hr{A*). Indeed, a direct verification shows that T ^ T* : nM{A) 
7Y^(A*) is an isometric algebra isomorphism. Similarly, CAA{A) ^ Hi (A*). Applying these facts for A = 
L^(G), as a combination of Theorem 12.41 and Theorem 13. 1[ we have the next result, that covers a series of 
results presented in [5] and [13]; see [131 Theorem 6.6], for instance. 

Corollary 3.2. For every co-amenable locally compact quantum group G, 

i3^(L°°(G)) = H^^(L°°(G)) ^ CM{L\G)) ^ M(G) 9^ TZM{L\G)) ^ W^(L°°(G)) = (L°°(G)). 

Proof. Let be a bounded normal linear mapping on L°°(G), then lo ■ 4>{x) = (t uj)T{(l)(x)) and 

(j){uj ■ x) = ^((t (g) u>)Tx) = (t (g) w)((^ ® l)Tx). 

By density and continuity we obtain B!^(L°°{G)) — 7iJ(L°°(G)). The other one can be proved similarly. □ 
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4. Embedding of M(G) into LUC(G)* and the topological centre of LUC(G)* 

If G is a locally compact group, then M(G) can be isometrically embedded in LUC(G)* by i-^ /i, where 
jl{f) = J fdjjL. More precisely, Lau [TH Theorem 1] showed that M(G) is isometrically isomorphic to 
-E(LUC(G)*). On the other hand, Lau and Losert [T^ Section 4] established such an embedding from Bp(G) 
into Z(UCB(G)*). Here we show that these both results are special case of a more general fact about locally 
compact quantum groups. 

For a co-amenable locally compact quantum group G, let Oi : M(G) WJ?'(L°°(G)) and 62 : Wr(L°°(G)) — > 
LUC(G)* be the isometric isomorphisms established in Corollary 13. 21 and Theorem 12. 4i respectively. Then 

6 := 6*2 o i o 6*1 : M(G) LUC((G)* 

defines an isometric algebra homomorphism, where i : 7iJ?'(L°°(G)) 7ir(L°°(G)) is the inclusion mapping. 
We have the following lemma which can be regarded as an extension of [151 Proposition 4.2], 

Lemma 4.1. Let G be a locally compact quantum group, then 

(i) there exists an isometric algebra homomorphism 11 : A/(G) — ^ LUC(G)*; 

(ii) n = O, provided that G is co-amenable. 

Proof. Given m G M (G), since Co(G) is a C*-algebra, m has a unique extension fh to the multiplier algebra 
7W(Co(G)) of Co(G). Now let n(m) be the restriction of m to LUC(G). Since Co(G) C LUC(G) C 
A^(Co(G)), [m Theorem 2.3], n(TO) is the unique norm preserving extension of m to LUC(G), so that 11 
is a linear isometry from A/(G) into LUC(G)*. For to,?i G A/(G), both n(m * n) and n(m) n(n) are 
norm preserving extension of m * n from Co(G) to LUC(G) and Ii{m * n) ~ n(m) n(n). Thus 11 is a 
homomorphism. 

Now assume that G is co-amenable. Let y G Co(G), then by the Cohen Factorization Theorem [3l 
Corollary 2.9.26] there exist x G Co(G) and oj G L^(G) such that y = (oj i)TcX. Then 

Q{m)(y) ~ x{lu * m) = m{{uj l.)Tcx) = rn{y). 

Hence Q{m) is a norm preserving extension of m to LUC(G). Thus the uniqueness implies that n(m) = Q{m) 
for each m G M(G). □ 

Part (ii) of the next result is an extension of [HI Theorem 4.12]. 

Proposition 4.2. Let G be a co-amenable locally compact quantum group, then 

(i) e(M(G)) C Z(LUC(G)*); 

(ii) Q is surjective if and only if G is compact. 

Proof. It is enough to show that for each m G M(G) the mapping n 8(to) n from LUC(G)* into itself 
is normal. To see this, let {n^} be a net in LUC(G)* tending to n in the w*-topology and let x G LUC(G). 



MODULE HOMOMORPHISMS AND MULTIPLIERS 



9 



Thus there exist w £ L^((G) and y G L°°(G) such that x = j/ • w, so 

{e{m) (D na){x) = Q{m){na Q x) ^ e{m){{na Q y) ■ uj) 
= {ua Q y){uj * m) ^ na{y ■ {uj * m)) 
— > n{y ■ (uj * m)) = (0(m) n){x). 

(ii) It is clear that 8 is surjective if and only if the inclusion mapping i : 'H!^{L°°{G)) ?ir(L°°(C')) is 
surjective. As Theorem 12.81 shows, the latter fact is equivalent to the compactness of G. □ 

Corollary 4.3. Let G be a co-amenable locally compact quantum group, then the following assertions are 
equivalent: 

(i) G is compact; 

(ii) LUC(G) = WAP(G) and e(M(G)) = Z(LUC(G)*). 

Proof. For (i)^(ii), it is easy to verify that if G is compact then LUC(G) = WAP(G) (see [THl Theorem 
4.3]). The cquaHty e(M(G)) = Z(LUC(G)*) trivially follows from the fact that 6 is surjective. If (ii) holds 
then e(M(G)) = Z(LUC(G)*) = Z(WAP(G)*) = WAP(G)* = LUC(G)*; that is, 9 is surjective and so G 
is compact by Proposition 14.21 □ 

For a co-amenable locally compact quantum group G, if 8(M(G)) = Z(LUC(G)*) then the latter result 
confirms that LUC(G) = WAP(G) if and only if G is compact. This provides a positive answer to a problem 
raised by Runde; see the remark just after [18l Theorem 4.3]. 

For the classical case Ga, as it has been shown by Lau in [131 Theorem 1], wc always have the equality 
e(M(Ga)) = Z(LUC(Ga)*). Therefore, LUC(Ga) = WAP(Ga) if and only if G^ is compact; see [H 
Corollary 4]. In contrast to the case Ga, the situation for the case Gs is slightly different. Viktor Losert, 
surprisingly pointed out that the equality 0(M(Gs)) = Z(LUC(Gs)*) does not valid, in general. Indeed, he 
showed that Z(UCB(5C/3)*) ^ B^SUs). 

We conclude our work with an application of Corollarv l4.31 for the classical case G^. Note that in all case 
presented in the next result we have the equality Z(UCB(G')*) = Bp{G), see [H Section 3]. 

Corollary 4.4. Let G be a locally compact group enjoying either of the following properties: 

(i) G is a metrizable group and [G, G] is not open in G, where [G, G] denote the commutator subgroup 
ofG; 

(ii) G = J^j Gi is a finite or countable product of metrizable locally compact groups such that Gi is 
compact for all but finitely many i and either [Gi,Gi] is not open in Gi or Gi is abelian and 
non-discrete; 

(iii) G ~ Gq X Y[^i Gi, where each Gi (i > 0) is a metrizable locally compact group and Gi is compact 
and non-trivial for i > 1. 

Then UCB(G) = W(G) if and only if G is discrete. 
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5. ADDENDUM 

After the corrected galleyproofs of paper being appeared online (in JMAA), Professor Matthew Daws 
brought to our attention that the proof of part (i) of Lemma 4.1 needs more details. With special thanks to 
him, we present a detailed proof as follows: 

Let m £ M((G) and (bq) be a BAI for Co(G). By [K, section 7] there exists m £ 7W(Co(G))* such that 

m{x) = limm(2;ect) (x G A4{Cq{G))). 

a 

It is proved that m is a well defined unique extension of m to A^(Co(G)) with the same norm. 

For m G M(G) there exists m' G M(G) and b G Co(G-) such that rn = m'b. This implies that 

m{x) = m'{hx) {x G yW(Co(G))). 

Let 171,71 £ M(G). First note that m n is an extension of m * n to A4{Co{G)). Indeed, if a G Co(G) then 
h Q a = n Q a. So by Proposition 2.1 we have 

(m * n){a) = m( n a ) = m(n a) = TO((ri a)) — [ifi n){a). 
eCo(G) 

Now we show that m Q h = rri^n. Since Fc : Co(G) — > A^(Co(G) Co(G)) is a non-degenerate *- 
homomorphism, Fc is strictly continuous on bounded subsets of M{Co{G)), [K, Proposition 7.2]. But for 
each X G M{Co{G)) we have 

(m x)a = (t 7n'){rcx{a 6)), 

where m' G M(G) and b G Co(G) is such that m = m'b. Thus rh Q Xi converges strictly to m x, for every 
bounded net (xi) in A^(Co(G)) that is strictly converges to some x G A^(Co(G)). 

Let X G A^(Co(G)). It is clear that {xe^) is a bounded net in Co(G) which converges strictly to x. So 
n (xCq) converges strictly to n x and by strict continuity of ii on bounded subsets of A1(Co(G)), [K, 
Proposition 7.2] we have 

(jh n)(x) ~ limm(fi {xca)) = limm n{ xca ) = lim(m * n){xea) = m * n{x). 

a a ^ — — ' a 

eCo(G) 

Now if we define JK™) the restriction of m to LUC{G) then J| has the desired properties. 

[K] J. Kustermans, One-parameter representatio7is on C* -algebras, Preprint, Odense Univcrsitet, 1997. 
#funct-an/9707010. 
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